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Abstract
Quantum dots, quantum rings, and, most recently, quantum dot-ring nanostructures have been
studied for their interesting potential applications in nanoelectronic applications. Here, the electronic
properties of a dot-ring hetero-nanostructure consisting of a graphene ring and graphene dot with a
hexagonal boron nitride (h-BN) ring serving as barrier between ring and dot are investigated using
density functional theory. Analysis of the character of the wave functions near the Fermi level and of
the charge distribution of this dot-ring structure and calculations of the quantum transport properties
ﬁnd asymmetry in the conductance resonances leading to asymmetric I–V characteristics which can
be modiﬁed by applying a negative voltage potential to the central graphene dot.

1. Introduction
Ever since the experimental discovery of graphene [1] an immense body of theoretical and experimental work
has accumulated [2] that explores the unusual conduction and transport properties (for a review see for example
[3]) and possible applications in nanoelectronics and nanooptical devices. Electronic, magnetic, and optical
properties of graphene quantum dots (QD) [4, 5], graphene nanoribbons [6, 7], and graphene quantum rings
(QR) [8] have been analyzed. Topics include edge states in graphene rings [9], magnetic ﬁeld effects [10], gated
rings [11], triangular rings [12], geometry effects and edge effects as obtained in tight binding and Dirac models
[13], to name just a few. A recent example of the unusual quantum transport properties of graphene
nanostructures is a gate-voltage-tunable graphene-boron nitride (BN) resonant tunneling transistor [14].
Growth, chemical topology, and electronic properties of a lateral graphene-BN heterostructure were
investigated in a ﬁrst principle study [15]. The fabrication of graphene dots with well-deﬁned shapes remains
certainly a challenge though a possible experimental realization by using carbon nanotubes as masks in an
edging process has been proposed [12].
Recently, a novel nanostructure that consists of a quantum dot surrounded by a quantum ring with a potential
barrier between these parts was proposed and its transport properties have been investigated [16, 17]. It was shown
that the wave function of this dot-ring nanostructure (DRN) can be shifted from the dot to the ring by tuning the
position of the QD potential which can be realized by an appropriate gate voltage applied to the central dot part.
In this paper we now explore whether a DRN can be realized by using a graphene ring, an inner graphene dot, and
a hexagonal boron nitride (h-BN) ring serving as barrier between outer graphene ring and central dot. The
nanostructure for which ﬁrst principle calculations are performed is shown in ﬁgure 1. After an analysis of the energy
level structure of this graphene-h-BN DRN, of the charge distribution and the electrostatic potential, quantum
transport properties are investigated. It is found that asymmetry in the conductance resonances leads to asymmetric
I–V characteristics which can be modiﬁed by applying a negative voltage potential to the central graphene dot.

2. Method and computational details
The graphene-h-BN dot-ring hetero-nanostructure consists of an outer ring with 168 C atoms and zigzag edges,
an inner dot with 96 C atoms, and a BN ring with 60 B and 60 N atoms (see ﬁgure 1) . The dangling bonds at the
© 2018 The Author(s). Published by IOP Publishing Ltd
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Figure 1. The graphene-BN dot-ring hetero-nanostructure with a diameter of 37 Å: an outer ring with 168 C atoms (grey), an inner
dot with 96 C atoms, a BN ring with 60 B (pink) and 60 N (blue) atoms, and 48 H atoms (white) to passivate the dangling bonds of the
carbon edge atoms.

edges are passivated with 48 H atoms to ensure that each boundary carbon atom has the correct number of
neighbors simulating sp2 bonding character. The DRN consists of a total of 432 atoms and has a diameter of
37 Å. Calculations were also performed for the individual parts of the system, i.e., for the C188H84 ring, the
B60N60H60 ring, and for the C96H24 inner dot (the number of H atoms is determined by the number of edge
atoms).
All calculations were performed with GAUSSIAN09 [18] using density functional theory (DFT) with Becke’s
3-parameter hybrid functional B3LYP [19] with non-local correlation provided by the Lee, Yang, and Parr (LYP)
expression [20]. Since in this exploratory study we are only interested in basic trends and not absolute quantitative
numbers, the experimental values of the bond lengths for graphene and BN monolayer were used. No geometry
optimization was performed. The 6-31 basis set instead of the more commonly employed 6-31(d,p) basis set was
used (the B3LYP 6-31(d,p) level of theory has become a standard for a reasonable balance between accuracy and
computer time for larger systems when compared to available experimental data). A direct comparison of 6-31 and
6-31(d,p) basis sets results for C96H24 (912 versus 1560 basis functions) shows that the gap between the highest
occupied (HOMO) and lowest unoccupied molecular orbital (LUMO) of the graphene dot changes only from
1.95 eV to 1.93 eV with no qualitative differences in the the nature of the wave functions or charge density
population. Using the 6-31 basis set the DRN system with 432 atoms has 3552 basis functions. A more detailed
discussion of B3LYP results for graphene quantum dots, comparison to available experimental data, and insights
gained from electronic structure calculations can be found in [21].
To demonstrate possible applications of the proposed dot-ring hetero-structure in nanoelectronic devices
we compute its quantum transport properties in the tight binding approximation using the open software
package Kwant [22]. The program package Kwant provides an easy way for exploratory calculations to compute
the conductance using the Landauer-Büttiker formalism [23, 24]. For the tight binding Hamiltonian in the ﬁrst
neighbor approximation
H=

å ui∣iñá i∣ + å tij∣iñáj∣

(1)

where i and j label nearest neighbor sites on a hexagonal lattice, we chose uC=0 eV, uN=−1.0 eV, and
uB=3.6 eV for the onsite parameters [25, 26] and the same hopping parameter tij=t=−2.7 eV for all ﬁrst
neighbor interactions. It is not to be expected that taking into account more neighbors interactions or more ﬁnetuned hopping parameters (e.g. tBN=−2.5 eV, tCN=−2.3 eV, tCB=−2.1 eV) will change the qualitative
features of the quantum transport results. Earlier tight binding results [26] for quantum transport in graphene–
boron nitride lateral heterostructures corroborate the importance of the sign difference in the on-site parameters
for N and B in the lattice and the robustness of the results with regard to small changes in the hopping
parameters.
Kwant also allows easily to take into account the effect of a magnetic ﬁeld by using Peierls substitution
[27, 28] to include a vector potential Â=(−B.y, 0, 0) in the hopping parameter (Landau gauge for a constant
2
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Figure 2. (a) Zigzag graphene nanoribbon with 9 unit cells; black and white circles indicate the AB sublattices of graphene; width
∼20 Å (x and y axis are in units of the graphene lattice constant a=2.46 Å); fading red indicates continuation to inﬁnity (b) Band
structure of this nanoribbon with 9 valence and conduction subbands; the localized edge states become degenerate at the Fermi level
EF=0 between k=4π/3 3 and π. (c) Conductance of this nanoribbon (in units of 2e2/h to account for the spin degeneracy of each
subband); it increases as 2n+1, n=0, 1, 2, K until the maximum 9 (=number of subbands) is reached at E=|t|=2.7 eV.

perpendicular magnetic ﬁeld B in z-direction and leads in the x-direction [22])
tij(F / F0) = t exp [ - iF / F0 (xi - x j)(yi + yj) / 2]

(2)

with Φ0=h/e being the magnetic ﬂux quantum. To benchmark our results, we checked our adaption of Kwant
by reproducing the 2n+1 dependence (n=0, 1, 2,.) for the dimensionless quantum conductance [7]
(expressed in the unit of quantum conductance 2 e2/h) and the unconventional quantum Hall effect [29] for the
graphene zigzag nanoribbons used as leads to the DRN. Figure 2(a) shows the graphene nanoribbon with a width
of ∼8 a (a=2.46 Å is the graphene lattice constant) used later as lead, the location at E=0 of the degenerate
zigzag edge state (ﬁgure 2(b)) which provides the conduction channel (ﬁgure 2(c)) in the energy region later
discussed.
Metallic leads are needed for calculations of electronic transport. Zigzag nano ribbons were chosen because
they are always metallic due to the edge state and therefore provide a conduction channel at the Fermi energy
E=0, whereas armchair ribbons are semiconducting or, depending on the width, metallic with vanishing DOS
at E=0 [7]. On the other hand, quantum dots with armchair edges have larger bandgaps, so overall, one would
expect an electronic structure with fewer states (or no states in the case of armchair ribbons as leads) in the region
of interest that contribute to the transport properties.

3. Results and discussion
3.1. Electronic properties
The electronic properties of the DRN are determined by the energy spectrum and the wavefunctions nearest to
the Fermi energy. The B3LYP-DFT/6-31G results are summarized in ﬁgure 3. To analyze the spectrum of the
DRN it is helpful to look into the energy level diagram of the (non-interacting) constituent parts: the outer C168
ring (gap EG=1.25 eV), the BN120 ring constituting a barrier (EG=6.11 eV), and the C96 dot (EG=1.95 eV).
3
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Figure 3. Molecular Orbital energy level diagram of the DRN compared to the (non-interacting) constituent parts: the outer C168 ring
(EG=1.25 eV), the BN120 ring barrier (EG=6.11 eV), and the C96 dot (EG=1.95 eV). Due to symmetry, all HOMO and LUMO
orbitals are doubly degenerate. The structures are aligned with the gap midpoint deﬁned as EF=0. Only energy levels close to EF are
shown. The width of the ring, barrier, and dot corresponding to a cross section of the DRN is indicated in Å.

The positions of the energy levels of the highest occupied and lowest unoccupied MOs of these constituent parts
deﬁne a single particle well structure where the potential energy bottom of the ring is (1.95−1.25)/2 eV=0.35 eV
below the bottom of the central dot separated by a barrier of (6.11−1.25)/2 eV=2.43 eV due to the BN ring. It is
therefore to be expected that the wavefunctions nearest to the Fermi energy EF will be conﬁned to the outer ring. This
is also not surprising because the zigzag edge states of a graphene structure are always nearest to EF.
When the interaction between these constituent parts is turned on, that is, the electronic properties of the
DRN as shown in ﬁgure 1 are calculated, the gap is reduced to 0.77 eV, which is only slightly larger than the
0.65 eV gap obtained for the corresponding C384H48 graphene quantum dot. The highest occupied and lowest
unoccupied MOs are shown in ﬁgure 4. As expected from the nature of the well structure, the doubly degenerate
HOMO and LUMO orbitals are conﬁned to the outer ring as is the HOMO-1 and LUMO+1 state. The doubly
degenerate HOMO-2 and the LUMO+2 orbitals are the ﬁrst wavefunctions that are mainly conﬁned to the
inner dot. Due to the twofold degeneracy of the HOMO and LUMO orbitals, each orbital alone does not reﬂect
the symmetry with respect to 2π/3 rotation about its center but a linear combination of these would. The nondegenerate HOMO-1 and LUMO+1 clearly reﬂect the symmetry.
A Mulliken population analysis reveals that signiﬁcant charge transfer occurs within the DRN, the main
feature being a positively charged inner quantum dot and a negatively charged BN barrier: the C96 dot has a net
charge of +2.6 e, the BN ring carries a charge of −6.4 e, the outer C168 ring −2.6 e, and the passivating 48 H
atoms +6.4 e. A more detailed and better picture of the charge distribution within the DRN can be seen in the
electrostatic potential (ESP) map given in ﬁgure 5: shades of blue indicate relative absence of electrons (around
the B atoms) and red relative abundance of electrons (around N and sets of C atoms). It is to be expected that the
distribution of positive and negative charges in different regions of the DRN and the conﬁnement of different
orbitals near the Fermi energy either in the outer ring or inner dot lead to novel transport properties different
from those of a regular graphene quantum dot. This will be explored in the next section by calculating quantum
transport properties using a tight binding model.

3.2. Quantum transport properties
In order to explore the transport properties of a dot-ring nanostructure consisting of graphene and h-BN we
used the tight binding Hamiltonian described in section 2 and the software package Kwant [22]. The results are
summarized in ﬁgure 6.

4
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Figure 4. Highest occupied and lowest unoccupied molecular orbitals of the dot-ring nanostructure depicted in ﬁgure 1. The doubly
degenerate HOMO and LUMO orbitals are conﬁned to the outer ring as is the HOMO-1 and LUMO+1 state. The doubly degenerate
HOMO-2 and the LUMO+2 orbitals are the ﬁrst wavefunctions that are mainly conﬁned to the inner dot.

The DRN is shown in ﬁgure 6(a). It has a diameter of ∼50 Å (20 a with a=2.46 Å being the lattice parameter
of graphene). The width of the graphene ribbon leads is ∼20 Å. A narrow BN barrier ring separates the inner dot
with a diameter of ∼25 Å from the outer graphene ring. An analysis of the tight binding wavefunctions around EF
shows that they are again-as found before in the ﬁrst principle study-localized in the outer ring.
The tight binding structure represents a larger, more rounded structure (∼50 Å diameter) than the ab inito
one (hexagon diameter ∼37 Å). It also has a mix of zigzag and armchair edges. Passivating H atoms at the edge
atoms are not necessary because each atom is assumed to contribute one π orbital, each atom has the same
on-site parameter independent of its location. Despite the differences, an analysis of the eigenvalues and
eigenvectors around the Fermi energy reveals qualitatively similar properties: the tight binding wave functions
corresponding to eigenvalues immediately around EF are again localized in the outer ring, followed by
eigenvalues and wavefunctions localized in the inner dot, i.e., they show the properties desired for a dot-ring
nanostructure. One can therefore expect, that the transport properties found for the tight binding structure will
describe (at least qualitatively) the properties expected from a full ab inito transport calculation for the hexagonal
structure.
To benchmark the DRN results, we ﬁrst compute the conductance of the corresponding graphene dot with a
diameter of 50 Å. (see ﬁgure 6(b). It shows the expected structure with resonances symmetric around EF=0.
The peak maximum is deﬁned by the conductance value of the graphene ribbon in this energy range which is at
the ﬁrst plateau of 2 e2/h (see ﬁgure 2(c). The conductance of the DRN is shown in ﬁgure 6(c). It shows a slightly
5
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Figure 4. (Continued.)

narrower peak structure and is asymmetric around EF=0 with smaller transmission probabilities in the
positive energy range.
In the tight binding model a gate voltage or a p-n junction can simply be modeled by adding to the on-site
parameters ui a potential ±UG for p (n) regions [22, 30]. Therefore, to model a negative gate potential applied to
the inner dot the on-site energy of the inner-dot C atoms is modiﬁed by UG=−0.5 eV. The resulting
conductance is shown in ﬁgure 6(d). The negative gate voltage increases the transmission probability in the
positive energy range with a new resonance peak emerging at ∼+0.3 eV. The states associated with this new
resonance are two wavefunctions mainly localized on the inner dot: they are pulled down from ∼0.7 eV, the
corresponding eigenvalue of the DRN without applied gate voltage. A positive gate voltage of UG=+0.5 eV
pushes these two eigenvalues to 0.75 and 0.79 eV and the associated wavefunctions are localized on the ring, not
on the inner dot.
The current can be calculated by using the Landauer formula [23, 31]
I=

2e
h

¥

ò-¥ T(E)[ fL - fR] dE

T(E) is the transmission function, fL (fR) the Fermi–Dirac distribution for the left (right) lead. For low
temperatures, the upper limit can be approximated by the Fermi energy EF L (EF R) with fL (fR)=1 in the
respective integration regions so that the integral becomes
−

0

ò0

D

T (E ) dE if EF L is shifted by +Δ and

ò-D T (E ) dE when shifted by −Δ (Δ in eV; EF R kept at 0). The relation between the transmission function

T(E) and conductance G(E) plotted before is
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Figure 5. The electrostatic potential (ESP) map of the DRN shown in ﬁgure 1. Shades of blue (red) indicate relative absence
(abundance) of electrons.

Figure 6. (a) Geometry of the DRN with an outer ring radius of 10 a (x and y axis are in units of the graphene lattice constant
a=2.46 Å), a second ring with radius of 7 a, and an inner dot radius of 5 a. The width of the leads is 8 a. N atoms are green, B atoms
grey, C atoms brown. Fading red indicates continuation to inﬁnity. (b) Conductance of a graphene dot with resonances symmetric
around EF=0. (c) Conductance of the DRN. (d) Conductance of the DRN when the on-site energy of the C atoms of the inner dot is
modiﬁed by UG=−0.5 eV to model a negative gate potential applied to the inner dot.
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Figure 7. (a) I–V characteristics of the DRN without (black) and with an applied gate voltage (red and green) at the central dot
compared to a graphene dot (blue). (b) I–V characteristics of a graphene dot (blue) compared to the graphene ribbon leads (green).

G (E) = 2e 2/ hT (E).

(4)

With 2e2/h=7.75×10−5 [Ω−1], the resulting currents are plotted in ﬁgure 7.
For the graphene dot the conductance with resonances symmetric around EF=0 (see ﬁgure 6(b)) leads to a
current increase from −20 μA to +20 μA symmetric around 0 when the bias voltage changes from −0.6 V to
+0.6 V (blue curve in ﬁgure 7(a)). Sections of steeper increases followed by ﬂatter or plateau-like segments
approximate a straight line with an overall slope of ΔI/ΔV∼20 μA/0.6 V ∼33 μA/V. For comparison we
show the I–V characteristics of the graphene zigzag ribbon in ﬁgure 7(b): since between −0.6 eV and +0.6 eV its
conductance has a constant value of 2e2/h (see ﬁgure 2(c); the zigzag edge state provides the only conduction
channel) the current increases linearly with a slope of ΔI/ΔV∼45 μA/0.6 V∼75 μA/V corresponding to a
resistivity of ∼13 kΩ. The order of magnitude is consistent with experimental results [32] that show that the
resistivity of a ribbon increases as the width decreases with a resistivity between 10–15 kΩ for a ribbon width
around 20 nm.
For the DRN, the plateaus in the I–V curve are more pronounced compared to the graphene dot due to the
sharper peak structure in the conductance (see ﬁgure 6(c)), but the noticeable difference is the asymmetry
between a negative and positive applied voltage resembling the IV characteristics of a n-p junction: between
−0.6 V and zero the current changes from −10 μA to zero, then it stays zero until ∼0.2 V to ﬁnally reach a value
of only ∼2 μA, 5 times smaller than that for a negative voltage and 10 times smaller than the current found for
the graphene dot. When the gate potential of −0.5 eV is applied to the inner dot (red curve in ﬁgure 7(a)) the
asymmetry is partially lifted: for positive voltage, the current is still zero until ∼0.2 V but then increases to a value
of ∼7 μA for 0.6 V, comparable to the value of approximately − 8 μA at −0.6 V. For a positive gate potential of
+0.5 eV (green curve in ﬁgure 7(a)) the asymmetry persists and the conductance resembles the conductance of
the DRN with zero gate voltage.

4. Summary and conclusion
In summary, we have analyzed the electronic and quantum conduction properties of a novel quantum dot-ring
nanostructure consisting of an outer graphene ring separated from an inner graphene quantum dot by a BN ring
serving as barrier. The distribution of positive and negative charges in different regions of the DRN and the
conﬁnement of orbitals near the Fermi energy either in the outer ring or inner dot obtained from ﬁrst principle
calculations suggests tunable conduction properties. Exploratory tight binding quantum transport calculations
show that asymmetry in the conductance resonances of the DRN leads to asymmetric I–V characteristics which
can be modiﬁed by applying a negative voltage potential to the central graphene dot and have dot wave functions
contributing to the conductance.
Dot-ring nanostructures can be fabricated [33] by cutting a slice of a core–shell nanowire with a potential
barrier between the core and the shell. The dimensions of experimentally fabricated heterostructures are
certainly larger. Here, for an exploratory calculation, the dimensions of the quantum dot-ring structure were
chosen to allow for reasonable computer times. For a larger ring-dot structure which might be experimentally
feasible, we would still expect that the mechanism responsible for the transport properties, i.e., the shifting of the
dot wave function to allow for a resonance with the ring and lead wave function, will hold.
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