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Trivial Example of DFT[H.L. Neal, Amer. J. Phys. 72 605 (2004)]

Consider a single particle in a 1 d?
one-dimensional potentialV(x) Sz TV g0 =£4(x).1=0,12,.

with stated boundary conditions
y Ny (X) :|¢g,(x)|2 — the ground state densi

For real-valued ¢ A(%) = n2(x)

= &, :_[dxnl’z(x)( 13—22 nl’z(x)+_[dxno(x)v(x)

Define a functional T, [n] = denM(X)( B ) M(X)—gf n(x)(d:;)((X)j

Then ) =T,[d + [dx(H V(3 24,

5{e[n] - (jdxn(X) - N)} —o= 2N _
o &[n] _ot,[1]
n=n, « A=¢ which leads to =———=+V(x)
on on

Remarks: (i) The density equation is more ot [n] ZE{and_zn_nz(@) }
complicated than the original S.E. This is a bit on 8 o’ dx
troubling since DFT is supposed to simplify 1 d2 dinn\"| __,
matters. (i) Ty, is, in fact, the von Weizsacker KE. = | 2a¢ v+ _( dx ) -
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DFT Variation Principle and Euler Equation

Recall HK-II
e, [n]=F[n]+[drn(r)v.. ()2,

E, [n]=E,= rﬂ!? E, [n] O physically acceptabler (

jdrn(r):Ne

Do the variation with a Lagrange multiplier for fixed particle number

5{F[n]+jdrn(r)ve)¢(r )—,u(jd nf )—Ne)} =0

oF
+V,

= (] o (1) = H
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Existence Theorems and Proceeding Constructively

» The big challenge HK-II says that F[n] exists butdoes notgive a form
that can be used to do the variational problem just displayed.

» But we do know how to formF[n] explicitly for a system of non-
interacting fermions with the same densityas follows:

F[n] = min(®] 7 + 2| @) = (P 7 2| Ppir)
)/;e = O:>TS [n] = I:non—interacting [n] = [p'_lp<q)|7:|q)> = <(Dmin;n 7:‘ cl)min;n>

Non-interacting fermions means ¢ = (1. N 1 detd,...o
@ . is a Slater determinant. minn 2 VNe! ql e

min;n

NE

The Slater determinant 1- and 2-RDMs are yg, (x|X) =2 ¢, (X)#(x)

=1

,)zgde{ya;(m%) yso(xllx;)j

o 000 =50 1)y (1)
Ne
So the KS kinetic energy is T[] =T, |{#[n]} | = —%Zjdr ¢ (x) 09, (x)
=1

How is this useful?
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Existence Theorems and Proceeding Constructivelgnd.)

By definition, the non-interacting (independent particlg system must

have an energy
E[n =T, [{¢[n]}} +'|'dr n(r Vg ()
Again, do the variation with a Lagrange multiplier for fixed parti cle number
J{Ts[n]+jdr n(r)vy )—,u(jd nf )- Ne)} =0

=9 Ly (r)=u
on(r)

We chose the Lagrange multiplier to be the same as in theigmal system
by setting the zero of the potential/; (adding a constant).

So we have mapped the problem into that of constructing. .
How can that be done?

Remark: v-representability of the ground-state densityn, has been
reintroduced as an assumption.
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Kohn-Sham Construction

Use the definition of the universal functional and rearrangdy adding
and subtracting the KS KE and by isolating the classical (oHartree)
Coulomb energy:

E,.. [n]=F[n]+[drn(r)Vee € ) = (@inr

1 I, I
=T[n| +EZJ‘drld 00 o ) rﬁnz'?l;n (X1X2| Xf(z)

7 + X [Wrnn) + [ @ 1€ )veel( )

o+ 0 v )

:Ts[n]+%jdrldzg(r g I )n( )

1 I, I
$3 fentat 1 o ri G l00)

+jdr N(r )V, (1)

The expression inblue definesthe exchange-correlation energy in DFT:

e, [ =T 0]+ B[]+ Ex[n] + Ev [

x=x, ~ N(r)n(r z)j +Tn] =74 n

X=X,




Euler Equations Again

Ev:[\rllv]e::al\zlef n]O-I:eEZt [n] =Ts[n]+E.[n]+E.[n]+E,[n]
F[n]=Tg[n|+E.[n]+E.[n]

Thus, the variation principle and Euler equation for the ptysical system become

5{F[n]+jdrn(r)ve)¢(r )—,u(_[ai nf )—Ne)} =0

ol +V r+5EXC+v r)=
:>5n(r) =) on(r) ()=

oT
Comparison with the Euler Equation for the KS system on (Sr) + Verr (r) - H

shows that Vg (1) =ve(r)+ > (ch) +Vo )

New task: constructE,
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Exchange and Correlation Subtleties in DFT

E.. n] J dr,d, g€ o1 5)| T, (XX, XX

mn;n

=, ~ 0 ) 2)j+T[n]-TS[n]

E.[n]=E[n]+E.[n]

The exchange energy in DFT is_definedith respect to the KS determinant, NOT
the Hartree-Fock determinant:

Ex [n] = <(Dmin;n )/;e

mnn J-dr d-zg¢ 1r Z)n( 1)"( 2)

1 ¢
) _EZ dr,d,9¢ .1 2)yKSn (X1|X2) Yksn (X2|X])

Thus “exact exchange” in DFT is not “Hartree-Fock exchange” despiteommon
usage to the contrary.

It follows from the second line of the preceding equatiorhiat Ex[n] <0
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Exchange and Correlation Subtleties in DFT (contied)

The DFT and conventional correlation energies differ subthbut
significantly also

Ec [n] = <¢/min;n wmin;n> _<q)min;n
=% Jdrd 06 . DM ()1

= N(ING L) + Viesn (%1 Xa) Vi (X2 1X)} + TI] =TI}
E((::onventional — E[ no] _ EHF

Pa

7 +)

Pa

7 +)

cI)rnin;n>

xi:xl;
I —
Xo =Xy

From definitions of ¢, and @, it follows from the first line of the first
equation that
E.[n]<0
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Kohn-Sham Construction — Why might it be useful?

The XC energy contains everything we do not know explicitly

Exc n]__Z_[drd-zg( 1r Z)Q_ﬁ%n})( |X z)xl x1 _n( ])rr( 2) <T[n]>[n]

<O >0

=T, should be most of the KE, so (T-J should be small and positive.
» Exchange and Coulomb correlation are relatively small compared tthe Hartree
energy.
= The Coulombic and KE contributions to E, . have offsetting signs.
E,.Is known quite accurately for the homogeneous electron gas.
= Thus there is hope of writing reasonable approximations fog,.. See Lecture lll.
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Kohn-Sham Procedure (non-spin polarized)

Assuming that we have a suitabl&, . (ordinarily an approximate one),
the Kohn-Sham scheme to find the variational minimum is

B, [n] =Ts[n] +Ex[n]+E.[n]+ E, [n]

T[n]——%z Jdrg, () 0%, )
Eee[n]:gdrlaznf:;{r;<gf>: - [a v ()

n( Z;”JM ‘ n =2

Vary the density by varying the KS orbitals
é‘E\,ext ~ O'EVext
on .

=0;1<J< N, /2
j

Result is the KS equation (next slide)
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The Kohn-Sham Equation

The Kohn-Sham equation (non-spin-polarized for simplicity)or
electrons in the field of nucleiz, is:

{ %0 - Z|r “R,] Id ") Xc(rl)}¢j(r1):£j(pj(1)

ro—,

[n] =<2

with the eXchange-(rrelation potential given by on

For comparison, here’s the -F equatior

{—gw—z A+ B2 0

=Ry )

50,47 el o0

r =1y

}w (ha) = 4" ()

Mg (1) = i\wF (r.o)
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KS Equation vs. HF Equation

 The Kohn-Sham and Hartree-Fock equations are similar in that bth
« are mean-field theories
» present self-consistent field (SCF) problesthat must be solved in
iterative fashion.

 The KS equation is formally simpler than the HF equation lecause the KS
effective potential islocal, in contrast to the non-local nature of the exchange
term of the HF operator.

» Distinct from the HF formalism, the KS procedure in principle takes
electron correlatiol fully into account.

* |In practice in all but a few cases, the KS equation is ad with an
approximate E, . , whereas the HF formalism involves no further
approximation (beyond the single determinant).

 The meanings of the KS determinant and the KS eigenvaluesffdir
significantly from the HF determinant and eigenvalues.

Credit: N. Rosch
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Remarks About the Kohn-Sham Procedure

= If n(r) is non-interacting v-representable, thenv,.is a local potentialv,(r)
and the KS orbitals are occupied in the density by thaufbau prinzip (from
lowest KS eigenvalue upward).

n(r) =3[0,

n; =1,2 depending on treatment of spins

2
, £, SE,S€6,...S5 <€

= If n(r) is NOT non-interacting v-representable, then in principlev,.is
NON-local .
An attempt to force it to be local will result in a densiy that violates the
aufbau prinzip(i.e. has “holes below the Fermi level”). In the spin-eXigit
case, this looks like N, >N, ,
n(r)= > n ‘¢j (r )‘ £, <E,SE,..SESE,....
j=1

n =1lexceptn, = Ofor at least one valuejef N,

) FLORIDA

QTP



HK and KS for Non-integer Particle Number

= p-particle ensemble reduced density matrices are convex
combinations of pure-statep-rdms for statesy;:

régs)()ﬁ---xp|X1---X},):ZV\4F4(0?)(X1...XF,|xi...X'p); Zwi:l- 0w <1

» The definition generalizes readily to non-integer electromumber. Thus
for N~=N+g, we have
(p) — _ (p) (p)
rens,ﬂ_(l IB)rN +18rN+11 OS,BS].
» Such ensembles allow the introduction of generalized HK fictionals
and KS constructions. Proofs omitted. The key changes are

E,. [N = Foo A1 + [drr(r) vo(r)
P ol = 2 WTH(Z 43T i

Tr[AT?]:= [dQ AQ T QI Q)] .o
F“)(x1|x;)::inj¢,-(x1>¢;(x;); Osn <L [drg € )} ()=3; in,:Ne

T :-%gnjjdrqﬁj(r)ngpj (r)
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Slater-Janak Theorem

= Arecurring issue is interpretation of the KS gquantities especially the
eigenvalues. This next theorem has a key role in that. Tlyeneralized
(to include continuous electron number) KS equation is

W ()g, ) ={ (%) 0% + Vo € ) + Vet ) + v, )} 41 ) = ,87( )
Theorem|[J.C. Slater and J.H. Wood, Internat. J. Quantum Chen. S4 3
(1971); J.F. Janak, Phys. Rev. B 18165 (1978)]: 6E\,®(t B

on,
Proof: g - {tj +[ dug, (1)|“Evee [n]+vext}}+ E,
= 9E, 9
ﬁz[drﬁ%:) Typical functional derivative chain rule
a;:« =t + [ A1, OF [V Vo Y,
2 atj 0 |¢J (1) F . . H.
2N {6_m+-[ e A +ch]} This line zero by variational
O, ‘ ‘ stability
=+ [ dLg, (O [Ve Ve +v, ]

4

OE,

on,

t=g ~[dlg, (OF VetV +Ve] =>—==¢,
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Interpretation of T,

» For a one-electron system or a two-electron singlet (closeledl), the KS
kinetic energy is the exact system KE.

Ts[n] =T[nl :—%jdrqbo (r )%, )
(1) =(20(r)) = o ) =ni’¢ )

TS[n] =T[n| ZQJ‘dFD:((rr))Z =T EId’ TW(n Dn)

Remarks: (a) T,y is the vonWeizsacker KE. (b) Unsurprisingly, the KE
contribution to E,_is zero in these systems. (c) The KE contribution to
E..Is a result of either a non-singlet (2 electrons) or more &m 2

electrons.
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Densities other than Singlets — Spin-Polarization

= Although there are some subtleties, the introduction of sp-polarization
Is straightforward procedurally. Detailed proofs omitted.
Recall from Lecture 1 that for an arbitrary normalized state
the spin densities and total density are
n,(ro)=y, (ol o)

n,(r)=n,(ra)+n, B):=n,{ )+ns( )

For general particle number, extend the HK and KS construtons to be:
B, [n] =Ts[n]+ Ee[n] + Ec[ 0,0, |+ B[]
Ts [n] = _%Z nj,a_[dr1¢j o (r ) D2¢j0’ (r )
1,0

E.[n] :%jdrldz n(ry)n(,) ; jd o ()n( )

r =1y

:JZ;”]JVJJ (r )‘2
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Densities other than Singlets — Spin-Polarization
N, depends on target spin. For examplé\, =N, +2 gives a triplet

To get the KS equations, do the variation as before but w/r ttine
spin densitieand spin orbitals

5EVM: —>5E\:M:O; 1SjSNJ

on, i
haKS¢i,a E{_Dz +Vext (r) -I-Vee(r ) +ch,a(‘ )} ¢i N0} = gi,a¢i g
— JExc
ch,a [n] _ 5n0
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