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We consider the ‘faint companion’ problem where substantial reduction of
diffraction sidelobes is required in order to image a faint neighbour near a
much brighter source. In addition to well-known pupil amplitude and shape
apodization methods, we found that the required sidelobe reduction can be
obtained by appropriate spatial phase modulations over an aperture. Here, our
previous results on one-sided phase apodization in astronomical applications
are extended in several ways. Specifically, (i) round and square pupil cases are
examined via a simple computational approach based on Fourier iterations;
(ii) finite target regions are considered in the image plane; (iii) the discrete (square
pupil) phase functions are used to construct a segmented mirror. The mirror
provides sidelobe reduction sufficient for imaging of extrasolar planets.

1. Introduction

Suppression (apodization) of diffraction sidelobes is a ubiquitous problem encoun-

tered, for example, in spectroscopic superfine structure observation or in radar/sonar

detection and a thorough review of apodization techniques can be found in

Jacquinot and Roizen-Dossier [1]. Among such applications, direct imaging of

extrasolar planets through a single space telescope imposes a stringent constraint

on the diffraction sidelobe level: below 10�9 at the angular distance of a few �=D
from the star diffraction core, where � is the imaging wavelength and D is the size of

the telescope aperture [2]. The problem has led to numerous studies of amplitude

apodization [3–5] and pupil shape apodization techniques [6–8].

In our recent work, the possibility of stand-alone spatial phase modulation

was considered [9]. This approach may have significant advantages for imaging

extrasolar planets because there is no loss of light caused by traversal through a

phase modulation mask and the errors in the induced phase can be sensed

and compensated by currently available technologies [10–12]. Perhaps, the most
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important advantage is that phase modulation could be realized by high density
active mirrors, thereby simplifying the optical system.

While exploring the square pupil case recently, we found that, if the shift of the
diffraction core can be tolerated, regional apodization in one quadrant of the image
plane can be achieved by imposing a suitable smooth (anti-symmetric) odd spatial
phase pattern over the aperture [9]. Our solution was motivated by theoretical
considerations concerning Fourier transform symmetries. In contrast, here we use a
computational iterative approach to find the spatially discrete phase functions with
a finite number of elements. Furthermore, finite (as opposed to infinite one-sided)
target regions are considered in the image plane and we consider both square and
round pupil cases.

2. Problem statement

We seek spatial phase modulation patterns across the pupil that can suppress
diffraction peaks in the image plane below a specified low level. For clarity, the
problem is stated for a one-dimensional case and generalized later. Let us denote
the spatial phase over the (1D) pupil as �(x) and the transmission function as T(x).
Then the light field in the diffraction plane is given by

Eð�Þ ¼ F TðxÞ exp½i�ðxÞ�
� �

¼ F TðxÞ
� �

� F cos½�ðxÞ� þ i sin½�ðxÞ�
� �� �

, ð1Þ

where x and � are coordinates in the pupil plane and the diffraction plane,
respectively, and Ff g and � denote the Fourier transform and the convolution,
respectively. For a one-dimensional ‘pupil’ of width D, the transmission function
T¼ 1 for jxj � D=2 and T¼ 0 otherwise.

Our goal is to find �(x) such that the diffraction pattern (Fourier transform) E(�)
does not exceed a specified level in a prescribed region of the focal plane. In other
words, the spatial phase �(x) redistributes light energy of the unphased sinc
diffraction pattern in such a manner that a possible planet can be seen in the
‘dark’ region. Is there a convenient computational procedure capable of delivering
such phase functions �(x)? We shall next show that one possibility is to employ the
well-known Gerchberg–Saxton (GS) algorithm [13].

3. GS algorithm and pupil phase apodization

The widely used GS algorithm (e.g. [14]) is based on measured (or assumed) intensity
constraints in the pupil and focal planes. During each cycle of forward and back-
ward Fourier transform between the pupil and focal planes, the light amplitudes in
the two planes are replaced by the square root of the corresponding measured
intensities while the phases are maintained. Denote measured intensities on the pupil
and focal planes as Ip and If, respectively. Then, the nth iteration of the light field
in the focal plane, denoted as En

f , and that in the pupil plane, En
p , are constructed
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as follows:

En
f ¼ F

En�1
p

jEn�1
p j

I1=2p

( )
ð2Þ

and

En
p ¼ F

�1 En
f

jEn
f j
I1=2f

� �
, ð3Þ

where the superscript n refers to the nth iteration and F and F�1 denote the Fourier
transform and inverse Fourier transform, respectively. The GS iterations are known
to converge and as long as the found phase function yields the required sidelobe
reduction, the possibility of non-uniqueness does not present a problem. In order to
allow the central diffraction lobe to remain near the centre, we shall modify the
GS algorithm by relaxing the typical constraints. Specifically, over the pupil the
amplitude is set to a binary function whose values are 1 within the pupil opening and 0
outside the opening, while over the focal plane, the values are set to 0 within the region
of interest and are left unconstrained outside the region of interest. With this
modification, for each cycle, the light field on the pupil and focal planes can be
found as follows:

En
f ¼ F

En�1
p

jEn�1
p j

P

( )
, ð4Þ

En
p ¼ F

�1fEn
f Gg, ð5Þ

where P is the binary pupil function and G is another binary function, vanishing
in the region of interest and set to unity outside the region. In the computations
reported below, we began the iterations simply by either setting the phase over the
pupil to zero or to small random values.

4. Results

Let us examine diffraction by a round aperture with diameter D. The goal is to
produce ‘dark regions’ in the image plane by greatly reducing some of the sidelobes.
To that end, the GS algorithm is supplemented with the corresponding binary
constraint functions G, given in equation (5). One constraint region is a dark round
disc centred at 10�=D with radius of 5�=D. The second constraint region is a dark
ring with inner and outer radii of 5�=D and 15�=D, respectively. We used 101 pixels
sampled over the diameter of a round pupil and a grid of 512� 512 was used in the
calculations.

The results are shown in the upper panel of figure 1, where both of the
dark regions can be clearly seen, with much of the light energy originally in the
dark regions having moved away. The resulting reduction level (lower panel) is
about 10�7:5. This is adequate for radar and sonar applications as well as for brown
dwarf observations in astronomy but it is not quite sufficient for extra-solar
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planet detection. While stagnation near local minima are typical in 2D GS iterations,

we suspect that the main reason for not reaching lower is due to phase singularities.

Therefore, refinements of the computational procedure are not likely to deepen

the reduction level substantially. Both possibilities will be explored in future work

but for present purposes we observe that the two-dimensional square pupil allows
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Figure 1. GS iteration results (diffraction patterns) for the focal plane of a round pupil.
All images in the upper panel are displayed on a log10 brightness scale. Upper left: image of the
point spread function (PSF) before phase modulation. Upper middle: image of the PSF for the
desired dark region in the form of a disc with a radius of 5�/D and centre at 15�/D. Upper
right: image of the PSF for the ring-like desired dark region with inner and outer radii of 5�/D
and 10�/D, respectively. The image intensities are normalized to the peak power of their
corresponding PSFs and share the same grey scale. Lower panel displays the log10 relative
intensity slices along the y axis, normalized by the peak value before phase modulation. The
solid curve represents the intensity before the phase modulation while the dotted curve is
for the intensity profile associated with the central image of the upper panel. The dashed curve
corresponds to the intensity profiles associated with the right image of the upper panel.
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separation of variables in the 2D phase function (sum of two 1D phase functions),
consequently rendering the point spread function effectively one-dimensional. This
avoids the phase singularity problem entirely and results in a much more efficient
computation as described next.

Let us consider two point spread functions associated with the two constraint
(dark) regions as shown in figure 2. Our first 1D constraint function G is a binary
one, vanishing in the region between 3�=D and 15�=D on one half of the axis (G) and
set to unity outside the region. The corresponding 2D diffraction pattern is a square-
shaped cross-region which experiences 1D sidelobe reduction squared, resulting
in the 10�14 level as demonstrated in figure 2. The second 1D constraint function
vanishes in two symmetrically placed regions, same distance from the origin and
of the same size as in the first example. As shown in figure 2, the resulting 2D
diffraction patterns have four crosses, each experiencing the square of the 1D
reduction and reaching the level of 10�11. The side of the square pupil was sampled
with 101 pixels and the results were obtained on a 512� 512 grid.

The above discussion demonstrates that simple GS iterations can deliver regional
sidelobe reduction better than 10�11 for the square pupil case. However, imaging of
extra-solar planets in visible light through a monolithic telescope such as the Hubble
Space Telescope imposes additional requirements: (i) broader bandwidth tolerance;
(ii) positioning the ‘dark’ region as close as possible to the diffraction core. To probe
the latter, we let the constraint function vanish ‘sooner’, beginning with 1�=D.
In order to achieve broader bandwidth tolerance, the 1D phase, obtained directly
from GS iterations, is unwrapped and rendered zero-mean. Furthermore, we use a
high density segmented active mirror based explicitly on the discrete values of the
found phase function to act as the apodization device.

The corresponding results are shown in figure 3. The upper panels depict an
actuator displacement map of an active mirror, with the pupil phase modulation
implemented by a 101� 101 segmented active mirror without gaps (5� 5 pixels per
segment sampled). The displacement value for each actuator is based on the
unwrapped phase obtained from 1D iterations with the constraint function vanishing
between 1�0=D and 24�0=D. The lower panels display the logarithm of the broad
bandwidth (20% �0) point spread function, associated with the phase modulation
by segmented active mirror shown in the upper panel of figure 3. Note that the main
maximum of this broadband diffraction pattern is lower (0.45 when normalized to
the peak intensity without phase modulation) and possesses a square dark region
with a contrast of 10�10. The diffraction peak is shifted and the dark region is located
2:8�0=D from the core, which is adequate for extrasolar planet imaging in visible
light with a moderate space telescope [10].

5. Concluding remarks

In this paper we posed the following question: can a simple computational procedure
be used to find spatial phase patterns yielding substantial sidelobe suppression within
a prescribed region? Our calculations demonstrate that simple GS iterations can
often deliver the desired results. Specifically, application of the method to the faint
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companion problem via a square pupil demonstrates via explicit construction that

pupil phase modulation on a 101� 101 segmented mirror can yield a dark region,

sufficiently deep for direct imaging of extra-solar planets.

As expected, the performance of our regional sidelobe reduction by pupil

phase modulation (phase apodization) is related to the number of discretized
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Figure 2. GS iteration results (diffraction patterns) for the focal plane of a square pupil.
All images in the upper panel are displayed on a log10 brightness scale. Upper left: image of the
PSF before phase modulation. Upper middle: image of the PSF for the desired square dark
region with a side of 12�/D and 4.2�/D from the core in the fourth quadrant. Upper right:
image of the PSF for the desired dark region of four square dark regions (same size as the
middle one) in all four quadrants. The image intensities are normalized to the peak power of
their corresponding PSFs and share the same grey scale. Slice plots in the lower panel are the
log10 relative intensity profiles along the diagonal. The intensity is normalized to the peak
intensity before phase modulation. The solid, dotted and dashed curves represent intensity
profiles: before phase modulation, associated with the middle image, and the right image of the
upper panel, respectively. Better than 10�11 sidelobe suppression is observed within the desired
dark region.
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phase elements on the pupil (size of the segmented mirror array). Physically, the

point spread function of the phase modulated pupil is a result of the pupil phase

elements interfering at the image plane. The dark region is generated when the

Fourier transforms of these elements interfere destructively [9]. As the number of

elements increases, so does the probability of an arrangement yielding a deeper

sidelobe reduction.
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Figure 3. Segmented mirror delivers required sidelobe suppression. Upper panels: the
actuator displacements based on the variable-separable unwrapped phase associated with the
constraint function G vanishing in the 1�0=D to 24�0=D interval. Left upper panel displays
the segmented mirror array (101� 101) displacement in units of �0. Right upper panel shows
the slice plot of the displacement along the x axis. Lower panels: the broadband (20%�0) log10
point spread function corresponding to the phase modulation shown in the upper right panel.
Intensity is based on the log10 scale. Left lower panel: normalized image of the PSF. Right
lower panel: the dashed line represents the slice plot of log-relative intensity along the diagonal
of the image in the left lower panel. The solid line represents no phase modulation. The
intensity is normalized to the peak power prior to phase modulation. These calculations
are based on 5� 5 pixels per segment and a total array of 101� 101 segments over the pupil.
The total grid size (with the pupil exterior) was 2048� 2048. Note approximately 10�11

sidelobe suppression within the desired dark region which is sufficient for imaging of
extrasolar planets.
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