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We present an analytical proof of the existence of unidirectional optical Bloch oscillations in a waveguide array
system. It is shown that the presence of nonreciprocity in the system allows for a complete normal-mode dephasing
in one of the propagation directions, resulting in a unidirectional breakdown in Bloch oscillations. A model system
consisting of an array of transversely magnetized asymmetric Si=SiO2 waveguides with a magneto-optic cover layer
is presented. Large index contrasts between film and cover are critical for practical realizations. © 2011 Optical
Society of America
OCIS codes: 130.2790, 130.3120, 230.7370, 000.1600.

In the 1930s Bloch and Zener predicted the phenomenon
of Bloch oscillations (BOs), comprising oscillatory be-
havior of quantum particles in a periodic potential sub-
ject to constant external force [1]. The first experimental
evidence confirming BOs came in 1960 when Chynoweth
et al. observed an evenly spaced energy spectrum, the so-
calledWannier–Stark ladder, for electrons in a crystalline
medium placed in an external field [2]. Since then theo-
retical and experimental results showing similar non-
classical behavior in different particle systems, such as
electrons in semiconductor superlattices, cold atoms
in optical lattices, and electromagnetic waves in periodic
dielectric systems, have been reported [3–6]. In the last
two decades the idea of a discrete optical system (e.g., a
waveguide array) exhibiting diffractionless propagation
of an optical beam has drawn attention to the possibility
of visualizing the oscillatory motion in the spatial domain
with controlled beam dynamics [5–8].
In this Letter we extend the BO phenomenon to unidi-

rectional propagation in optical media. Prior work on
optical BOs has dealt mostly with reciprocal phenomena
[5–7]. In a previous Letter we examined the conditions
for nonreciprocal BOs [8]. Recently, Longhi [7] predicted
unidirectional BOs as a result of gain and/or loss in
pseudo-Hermitian systems of complex optical lattices.
Here we demonstrate theoretically that in the absence of
gain or loss it is possible to attain cancellation of Bloch
oscillatory motion in the optical regime unilaterally
for one propagation direction while preserving this phe-
nomenon in the opposite direction. We consider wave
propagation in optical media characterized by gyrotropic
dielectric permittivity tensors that, although possessing
imaginary off-diagonal components, are strictly Hermi-
tian in character. This study is realized for silicon
platforms in a semiconductor–dielectric hybrid material
system, where we examine a nontrivial case for a
waveguide array structure exhibiting unidirectional opti-
cal BOs.
We thus extend our previous treatment [8] of different

BO periods in opposite propagation directions to the case
where complete cancellation of oscillatory motion oc-
curs in one direction. Moreover, unidirectional BO is de-
monstrated here for a Si platform rather than the garnet
platform in our prior work on nonreciprocal BOs. A key

role is played by the TM mode nonreciprocal phase shift
(NRPS) effect, which is due to the confinement of light in
magnetized asymmetric waveguides lacking spatial in-
version symmetry. This NRPS effect critically depends on
the introduction of unequal spatial gradients in both the
gyrotropy parameter and the refractive index across dis-
similar waveguide interfaces [9].

The array structure used in the present study consists
of ridge waveguides in silicon-on-insulator (SOI) with a
bonded or sputter-deposited cerium-substituted yttrium
iron garnet (Ce:YIG) cover [10]. An SOI-based garnet
structure with a high index contrast and a large NRPS
effect is best suited for the proposed unidirectional BO
phenomenon. In the following we analytically establish
the unidirectional character of optical BOs in the garnet/
SOI material system.

We consider an asymmetric one-dimensional wave-
guide array as shown in Fig. 1(a). This array serves as a
periodic potential system to the optical beam, while a
transverse index ramp acts as a lateral driving force on
the photons. The index ramp is introduced through a con-
stant difference in mode index between adjacent wave-
guides, which can be tuned by tailoring the width and/or
height of the ridges [6,8]. Using the nearest-neighbor tight

Fig. 1. (Color online) (a) Waveguide array (widths are scaled
up and separations scaled down 4× to fit in the sketch), (b) plot
showing nearly equally spaced NRPS Δβnr and propagation
constant β for adjacent normal modes; a typical forward normal
mode of the array showing (c) constant amplitude and width in
the FW direction and (d) diffractive spread in the BW direction.
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binding approximation and assuming cw propagation
with no absorption, coupled-mode theory yields the fol-
lowing equation of motion for the optical field [5]:

i
daf ;bn
dz

� δβf ;bnaf ;bn � κf ;b�af ;bn−1 � af ;bn�1� � 0; �1�

where af ;bn describes the field amplitude in the nth wave-
guide, κf ;b is the interwaveguide coupling constant, and f
and b stand for forward (FW) and backward (BW) direc-
tion of propagation. Upon excitation of a single central
waveguide, the field evolution described by Eq. (1) re-
sults in localized beam oscillations with period LB �
2π=δβ and a lateral beam spread of about �4κ=δβ wave-
guides [5], where δβ � �2π=λ� ·Δneff is the interwave-
guide wavenumber difference, λ is the wavelength
in vacuum, and Δneff is the modal refractive index
difference.
We adopt a normal-mode approach to describe the

beam dynamics across the array, with the mth normal-
mode propagation constant given by β0 �mδβ, where
β0 is the propagation constant of the zeroth mode. These
normal modes are the Wannier–Stark states of the array
structure. Their coherent movement depicts a bounded
oscillatory path, with spatial Bloch period LB. Here we
show that it is possible to limit this oscillatory motion
to only one direction of propagation utilizing the NRPS
effect induced by a transversely magnetized cover layer.
For the beam propagation in the z-direction and a

transverse in-plane magnetic field M in the y-direction
[see Fig. 1(a)], the dielectric tensor of the magnetic cover
layer is given by

ε̂ �
0
@ ε 0 ig

0 ε 0
−ig 0 ε

1
A;

where ε is the isotropic dielectric constant and g is the
gyrotropy parameter. Assuming no optical absorption
(i.e., ε and g are real numbers), we treat the array system
as optically lossless. For a planar waveguide made of an
SOI substrate with a magnetic garnet cover layer, the TM
mode dispersion relation is given by [9]

kx · d � tan−1
�εf
kx

�γeff
εeff

� βg
εεeff

��
� tan−1

�εf
kx

�γs
εs

��
; �2�

where γeff;s � �β2 − k20εeff;s�1=2, kx � �k20εf − β2�1=2, εeff �
ε − g2=ε, k0 is the vacuum wavenumber (2π=λ), εs is
the dielectric constant of the substrate, d is the thickness,
and εf is the dielectric constant of the core layer. Equa-
tion (2) gives a linear dependence in β, producing differ-
ent solutions for FW and BW propagating waves, with
propagation constants βf and βb, whereΔβnr � βf − βb is
the NRPS per unit length. βb can be calculated by rever-
sing the sign of g (magnetization reversal). For all nine
ridge waveguides in the array, an initial estimate of the
propagation constant and the film thickness was made
using Eq. (2). We note that this equation is only strictly
valid for an infinite slab waveguide with the same sub-
strate, film, and cover indices as the ridge waveguides

considered here. However, finite ridge-width effects
were taken into account through a perturbation theory
approach [9] using the following:

Δβnr � 2Re
RR

dxdy�∂xHy�H�
y�ig=ε2�RR

dxdyjHyj2ε−1
: �3�

We use a three-dimensional (3D) semivectorial beam-
propagation method based on a finite difference algo-
rithm to simulate the array model [8]. Mode indices
and field profiles are obtained using the correlation meth-
od. For each normal mode, the calculated NRPS values
were found to be varying approximately linearly with the
propagation constants as shown in Fig. 1(b). The plot de-
picts nearly equally spaced β and Δβnr values, represent-
ing the Wannier–Stark ladder in the waveguide array
system [5].

Letting βfm and βbm be the propagation constants for FW
and BW propagation for normal-mode m, the difference
in intermodal propagation constant between the two di-
rections is given by [8]

δβfm�1;m − δβbm�1;m � βfm�1 − βfm − �βbm�1 − βbm�
� Δβnrm�1 −Δβnrm � Δ�Δβnr�m�1;m:

�4�

From Eq. (4) it is clear that in adjacent waveguides the
difference between the propagation constants for FW
and BW propagating waves is equal to the difference in
nonreciprocal propagation constants. Equation (4) sug-
gests that if one can design an array structure with inter-
modal wavenumber difference δβf � Δ�Δβnr�, it is
possible to have Bloch oscillatory motion in the FW di-
rection with period 2π=Δ�Δβnr�, a characteristic feature
of a discrete optical system [5]. In the BW direction the
effect of δβb is completely cancelled out by the nonreci-
procal Δ�Δβnr�, i.e., δβb � δβf −Δ�Δβnr� � 0, resulting
in a diffractive beam spread, analogous to the behavior
of a homogenous array [5]. Precise tuning of the index
gradient and NRPS allows unidirectional BOs. A large
Δ�Δβnr� is critical for practical realizations.

In the FW direction each forward normal mode main-
tains a constant amplitude and width (∼10 μm), whereas
in the BW direction it diffracts out [Figs. 1(c) and 1(d)].
The normal modes themselves do not exhibit BO motion.
It is their superposition that does. Our designed array
consists of nine waveguides [see Fig. 1(a)] made of a
Si (nf � 3:44) core on a SiO2 (ns � 1:45) substrate with
a Ce:YIG (nc � 2:22) cover layer, wherein the thickness
(0.26 to 0:5 μm) and the width (0.6 to 0:15 μm) have been
adjusted to yield a constant δβf of about 700m−1 in the
FW direction. For a given design the wavelength toler-
ance is 4 nm, and the tolerances in ridge height and width
are 4% and 2%, respectively. The interwaveguide separa-
tion is selected (∼2 μm) to produce a constant coupling
parameter κ ∼ 605m−1. The ensuing δβf produces a spa-
tial Bloch period (LB) of about 9mm and a lateral beam
spread of less than seven waveguides (∼11 μm) for light
propagating in the FW direction. Thus an array of
nine coupled waveguides is enough to demonstrate the
effect. A 0:2 μm wide beam is launched into the center

4360 OPTICS LETTERS / Vol. 36, No. 22 / November 15, 2011



waveguide, and the beam is allowed to propagate
through the array. As expected, the beam exhibits BO
motion with a period close to 9mm and a lateral spread
of ∼11 μm, as shown in Fig. 2(a). When a 6 μmwide beam
is launched at the input facet of the array, similar BO mo-
tion (LB ∼ 9mm) is observed, largely confined to the high
wavenumber side with a lateral spread of ∼4 waveguides
[see Fig. 2(c)] [5].
A large NRPS is introduced by adjusting the material

index of each guide to create a Δ�Δβnr� about 700m−1.
This is calculated by performing the integration in
Eq. (3), for a typical value of g ∼ 0:0086 at λ � 1:55 μm
for Ce:YIG. The large index contrast between the Si film
and the Ce:YIG cover plays a critical role in realizing this
strong NRPS. In the BW direction, the modification of in-
terwaveguide δβ by the nonreciprocal Δ�Δβnr� counters
δβf and induces a δβb ∼ 0. Therefore, the index ramp
vanishes, and an unlimited lateral beam spread is ob-
served in the BW direction for both single guide excita-
tion (0:2 μm wide) and broad beam excitation (6 μm
wide), as expected [LB � 2π=�δβf −Δ�Δβnr�� ∼ ∞] and
shown in Figs. 2(b) and 2(d), respectively.
We note here that the typical value of the NRPS effect

for the garnet-based waveguides (e.g., Bi or rare-earth-
substituted YIG over Gd3Ga5O12 substrate) is very small
(∼1:4 rad=mm) [9] and would require a very long array
(∼5 cm) to demonstrate the proposed unidirectional ef-
fect. However, Si-based hybrid structures with magnetic
garnet cover layers can offer an NRPS effect as large
as ∼7:0 rad=mm, as demonstrated in recent work by

Mizumoto and co-workers [10]. Our model system has
a similar garnet/SOI composition, making possible the
observation of the proposed unidirectional optical BO
phenomenon within an array length of less than 1 cm.
Moreover, recent theoretical studies suggest NRPS
values up to 100 rad=mm can be achieved by including
a magneto-optical slot [11] or nanoscale air gap [12] in
garnet/SOI waveguide designs. Such structures, yielding
a high NRPS effect, would make a good choice for prac-
tical realization of the unidirectional BO phenomenon
within micrometer-scale array lengths.

In summary, we demonstrate the existence of unidi-
rectional BO in garnet/SOI waveguide media. It is shown
that the counterpropagating waves behave completely
differently, showing Bloch oscillatory motion in one
direction and unlimited beam spreading in the opposite,
by taking advantage of the TM-mode NRPS effect.
Beyond fundamental studies, the unidirectional BO
phenomenon offers potential applications in magneto-
optically controlled one-way beam steering in all-optical
integrated photonic devices. Furthermore, this effect
could be employed for nonsaturated signal amplification
in discrete array structures without disturbing the stabi-
lity of the light source due to backreflection.
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Fig. 2. (Color online) (a) Beam evolution for single guide ex-
citation in the FW direction, showing BO motion, and (b) the
BW direction, showing diffractive beam spread; (c) a 6 μm wide
beam excitation in the FW direction, showing BO motion with
the beam mostly confined to the high index side; (d) diffractive
beam spread in the BW direction.
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